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Abstract 
The use of time reversal mirror (TRM) to refocus a target through random medium is presented. A 
signal that is recorded and then retransmitted by an array of transducer, propagates back through the 
medium, and refocus approximately on the source y that emitted it. Refocusing resolution with a TRM 
through random medium is shown much better than that obtained in random medium. Here the 
phenomenon of refocusing through random medium in time-reversal acoustics is analyzed theoretically 
and with the results of numerical simulations. 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Harbin University 
of Science and Technology 
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1. Introduction 
The problem of refocusing a wave on a target through a random medium is complicated by multiple 
reflection. Such multi-path propagation is dependent on the parameters such as the target and receiver 
location, the channel depth, the sound speed profile within the channel, and the geo-acoustic parameters 
of the channel bottom[1].Besides, the focusing of ultrasonic waves becomes a difficult operation as the 
medium of propagation contains local heterogeneities (spatial variations of the compressibility and the 
density)[2]. In such conditions, the acoustic beam can be distorted and redirected, resulting in the inability 
of optimal refocusing. 
The use of time reversal mirror (TRM) represents a solution to this problem. In time-reversal  
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acoustics[3,4], a signal is recorded by an array of transducers, time-reversed and then re-transmitted into  
the medium. The re-transmitted signal propagates back through the same medium and refocuses 
approximately on the source. The refocusing is approximate because of the finite size of the array of 
transducers (receivers and transmitters). The ability of refocusing by TRM has many important 
applications in medicine, non-destructive testing, underwater acoustics, wireless communications, etc. 
and has been the subject of intense study. Here we analyzed the phenomenon of refocusing through 
random medium in time-reversal acoustics and illustrate the theory with the results of numerical 
simulations. 
2. Time reversal theory 
2.1 Basic principle 
Previous researchers have presented the physics of time reversal, here we concentrated on the specifics 
of our problem. A transmitted signal )(ωf  from a point source y in the random medium illuminates the 
array of aperture a. The signal ),( ωψ px  recorded at the array is given by 
),,()(),( ωωωψ yxGfx pp =                                                                                                     (1) 
Where )(ωf  is the Fourier transform of probing pulse .The Green’s function for the Helmholtz 
equation 
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 where 0c  is a reference speed, and )(/)( 0 xccxn =  is the acoustic index of refraction of the medium 
with random sound speed ).( xc ),,( ωpk xyG represents wave propagation from location px to ky .Re-
emitting the time-reversed signal into the same medium is equivalent to phase conjugation in the 
frequency domain .Therefore, the back-propagated  field at 0y  is 
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Performing an inverse Fourier transform of (3) yields a back-propagated refocusing field in time domain. 
2.2 Numerical simulation
The whole setup is in water tank .A multiple-scattering sample is placed between the source and a 
transducer array made of 16 elements. The random medium consists of 200  scatters. The point source 
transmits a short (1μs) ultrasonic pulse. 
The time-reversal experiment was conducted in two steps. In the first step, the point source transmits a 
short ultrasonic pulse and the individual signal recorded by each transducer is time-reversed and 
transmitted alone. Fig.1 (a) shows the waveform received on the TRM. On the top of Fig.1(a). is the 
individual signal traces measured by the hydrophone corresponding to the individual transmission of each 
transducer element of TRM, while the sum of all the individual response of the transducer array is 
represented on the bottom of the Fig.1(a). A long incoherent wave is observed, which results from the 
multiply scattered contribution. 
In the second step, all the elements simultaneously retransmit the time-reversed field of Fig.1 (a), 
therefore resulting in a constructive interference of all the individual waves at the source location. All 
individual signals approximately reach their maximum at the same time. The time-reversed wave 
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refocused the source and the sum of all the signals received by the transducer array is represented on the 
bottom of Fig.1 (b). This experiment shows that TRM focusing is self adaptive and accomplished 
automatic compensation for geometrical distortion of the array. 
Fig.1 (a) the waveform received on the array without TRM. (b) the time-reversed wave refocused the source. 
2.3 Iterative time reversal mode 
   One major advantage of the TRM is the ability to choose the origin and the duration of the signals to 
be time reversed. This is done through the definition of the temporal windows that selects the data to be 
time reversed. When the medium of interest contains several reflectors , the time reversal technique can’t 
directly be focused on one point. Indeed, if the medium contains two targets of different reflectivity 
illuminated by a short pulse, the time reversal of the echoes reflected from these targets will generate two 
wavefront refocused on each target in Fig.2(a).The mirror produces the real acoustic images of the two 
reflectors on themselves. The highest amplitude wavefront illuminates the most reflective target, while 
the weakest wavefront illuminates the second target .However, what we have described is, in fact, only 
valid if we neglect the multiple scattering process that can occur between the two targets. In order to 
avoid these multiple scattered waves, we can select echoes within a particular time-reversal windows. In 
this case, the time-reversal process can be iterated. After the first time-reversal illumination , the weakest 
target will be illuminated more weakly and will reflect a wavefront much fainter than the one coming 
from the strongest target in Fig.2(b). After some iteration, the process will converge and produce an 
impressive wavefront focused on the most reflective target in Fig.2(c). This process converges if the 
target separation is sufficient to avoid the illumination of one target by the real acoustic image of the 
other target. 
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Fig.2the time-reversal waveform received by TRM(two targets).(a) the first time-reversal illumination. time-reversal waveform is
shown in(b) and (c) for the first iteration and the fifth iterations respectively. 
3.Refocusing in random medium 
We start with the Helmholtz  equation for time -harmonic waves tiezyxu ω−),,(
     0),,(22 =+++ uzyxnkuuu zzyyxx                                                                                                 (4)
Here, we can use the parabolic or paraxial approximation.We let ),,( zyxeu ikzψ=  and ignore 
backscattering in the Helmholtz equation (the term zzψ ) to obtain a parabolic initial value problem for 
the wave amplitude ψ ,in which the direction of propagation z plays the role of time 
0)1(2 22 =−+Δ+ ⊥ ψψψ nkik z );,(00 kyxz ψψ ==                                                               (5)
Here, we introduce the wigner distribution  
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It satisfies the Wigner equation with the initial condition,  the phase-conjugated back-propagated time 
harmonic refocusing field is given by  
ηηξηψξψ dyddPkPyLWyMkkL AB ));,;,,(()();();,( 0∫∫ ∫×=                                                          (7)                      
Performing an inverse Fourier transform of (6) yields a back-propagated refocusing field 
),,( tLB ξψ .Here, t is relative time on the scale of the pulse width. The travel time to and from TRM has 
been eliminated. 
4. Simulation 
We illustrate refocusing with TRM in random medium with numerical simulations. The conditions 
required for the simulation domain is briefly described as follows. First, the propagation distance is much 
larger than the wavelength and the correlation length of the inhomogeneity.Second, the aperture of the 
TRM is relatively small. Finally, the random fluctuations of the propagation speed are weak.Here, the 
aperture of TRM is 40m, the numerical domain width is 200m, L represents  the propagation distance and 
DTBC stands for discrete transparent boundary conditions. The point source is the Gsussian pulse with 
carrier frequency 0ω =4.5 kHz. 
We use a discretization with 10 points per wavelength. i.e. .1.0 λ=Δ=Δ zx The correlation length is 
~10 λ  and maximum contrast is 10%. We use a second-order accurate Crank-Nicholson discretetization 
of the paraxial wave equation. A typical realization of the randomly refocusing is shown in Fig.3., we 
clearly see the optimal refocusing result in random medium, the refocusing resolution is much better than 
that obtained in homogeneous medium.  
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Fig.3.Numerical simulation of TRM in random medium (left) and in homogeneous medium (right) with a propagation distance 
L=600m.The domain width and TRM width is 200 m and 40 m, respectively. 
5. Conclusion 
 TRM has exciting applications in the fields of acoustics. In addition to solving practical problems, 
TRM is also unique research tool that may allow to better understand problems related to wave 
propagation in disordered medium and reverberant cavities. In a random medium, when the propagation 
distance is large compared to the wavelength of the inhomogeneity, and the TRM is small, there is an 
exact expression for the effective size of the TRM (its effective aperture) being valid in both the time and 
the frequency domain. Multi-pathing makes the effective size of the TRM much larger than its physical 
size, resulting in the optimum refocusing in random medium. We have verified the theory with detailed 
numerical studies, using a regime of parameters where randomness is fully developed to simulate an 
infinite medium. The simulation results show the refocusing resolution is much better in random medium 
than that obtained in homogeneous medium. 
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